We study the thermodynamic properties of a black hole and the Hawking-Page phase transition in the asymptotically anti-de Sitter spacetime in the dilatonic Einstein-Gauss-Bonnet theory of gravitation. We show how the higher-order curvature terms can influence both the thermodynamic properties and the phase transition. We evaluate both heat capacity and free energy difference to determine the local and global thermodynamic stabilities, respectively. We find that the phase transition occurs from the thermal anti-de Sitter to a small spherical black hole geometry and occurs to a hyperbolic black hole geometry in the (dilatonic) Einstein-Gauss-Bonnet theory of gravitation unlike those in Einstein's theory of gravitation. 
INTRODUCTION
The black hole entropy has an extraordinary geometrical interpretation, which is proportional to the area of the horizon rather than the volume of a black hole. That is widely known as the Bekenstein-Hawking entropy [1, 2] . The entropy can be derived from a variety of methods. This quantity can be obtained by the Noether charge of diffeomorphisms under the Killing vector field [3, 4] . This can be also obtained through the thermodynamic relation after evaluating the Euclidean action by the path integral approach [5] . This can be derived from the first law of black hole thermodynamics [6] , in which the integration gives rise to the constant part of the entropy. In Einstein's theory of gravitation (Einstein theory), this constant part vanishes because the entropy goes to zero when the black hole mass vanishes. Consequently, there exists no discontinuous jump in the entropy when approaching the vanishing mass. However, the Gauss-Bonnet (GB) term in four dimensions causes the additional constant entropy. This quantity is related to the information on the topology of the spacetime manifold [7, 8, 9, 10, 11] , which means that there exists a discontinuous jump when the topology of the manifold is changed or the black hole mass vanishes away, unlike the limiting case in Einstein theory.
A black hole in anti-de Sitter (AdS) spacetime has the minimum temperature, unlike the Schwarzschild black hole with a monotonically decreasing temperature. The decreasing part of the temperature corresponds to the negative specific heat, while the increasing part of the temperature corresponds to the positive specific heat unlike the Schwarzschild black hole with only a decreasing negative specific heat. As a consequence, the black hole is locally unstable below the radius with the minimum temperature, while the black hole above the radius can be in a stable thermodynamic equilibrium. For this reason, one can employ the canonical ensemble description.
The Hawking-Page (HP) phase transition represents the transition occurring between the AdS black holes and the thermal AdS space as a first-order phase transition. The description of the phase transition is based on the free energy difference obtained by using the Euclidean path integral approach for the black hole thermodynamics, in which the free energy vanishes for the thermal AdS space with the spherical symmetry [12] . According to the analysis of the free energy and the specific heat, there exists only the thermal AdS space below the minimum temperature. Above the minimum temperature, there exist two types of black holes depending on the sign of a specific heat. On the other hand, there also exist two types of black holes depending on the sign of a free energy difference. One is in a globally unstable phase with the positive free energy difference, in which the thermal AdS space is more probable than the AdS black hole. The other is in a globally stable phase with the negative free energy difference, in which the black hole is more probable than the thermal AdS space. The phase transition occurs at the crossing point with the vanishing free energy difference. Consequently, there are three types of black holes in AdS space depending on two instabilities. One belongs to both locally and globally unstable phases, another to locally stable and globally unstable phases, and the other to both locally and globally stable phases. These are definitively divided into three types in terms of the radius of a black hole. The HP phase transition has been extensively studied in Refs. [13, 14, 15, 16, 17, 18, 19, 20] and with curvature terms in higher dimensions [21, 22, 23, 24, 25] .
If we think over the very early universe approaching the Planck scale, we could consider that the quantum effect can become more and more important even if we do not know the perfect quantum theory of gravitation. One way to realize this theory is to adopt the theory of gravitation with higher-order curvature terms as an effective theory to probe the effect of quantum gravity at the low energy [26, 27, 28, 29, 30, 31] . Unfortunately, such a theory suffers from the unnecessary ghost and unitary problems. However, the theory with GB term does not have those problems. Furthermore, the GB term can be considered as a topological invariant quantity in four dimensions, that is, the action integral with the GB term provides the information on the topology of a spacetime manifold. Because the contribution from the GB term vanishes under variation in four dimensions, the existence of the term does not influence both the equations of motion and the solutions. How can we distinguish the difference between Einstein theory and the Einstein-Gauss-Bonnet theory of gravitation (EGB theory) in four dimensions? To answer this question is one of the purposes of this investigation. In order to consider the effect of the GB term on both the background spacetime and the field evolution, the GB term is required to be coupled to the matter field, i.e., one adopts the dilatonic EinsteinGauss-Bonnet theory of gravitation (DEGB theory). The black hole in DEGB theory has the scalar field as a secondary hair [32, 33] , which has been extensively studied [34, 35, 36, 37, 38, 39] .
We consider a canonical ensemble description for the asymptotically AdS black hole geometry; therefore, we employ the Euclidean path integral approach for the black hole thermodynamics. We first evaluate the Euclidean action with the higher-order curvature terms. The entropy and the free energy should be straightforwardly modified thanks to the higher-order curvature terms. With a certain sign in front of the terms, the free energy could decrease, whereas the entropy could increase [3, 9, 40] . The counterterms to renormalize the infinite Euclidean action in AdS space have been studied for the various contexts [41, 42, 43, 44, 45] .
The organization of this paper is as follows: In the next section, we set up the basic framework for this paper. We numerically construct the hairy black holes by solving the equations of motion in the asymptotically AdS spacetime action according to Refs. [38, 39] . We consider both spherically symmetric solutions with k = 1 and hyperbolic solutions with k = −1. In Sec. 3, we study the black hole thermodynamic properties and the HP phase transition in (D)EGB theories, which has not been studied before. We employ the Euclidean path integral formalism to straightforwardly evaluate the Euclidean action, entropy and free energy for the EGB black hole. Since one cannot obtain the analytic calculation of the Euclidean action as well as a counterterm for the black hole in DEGB theory, we adopt the entropy formula obtained by the different method. Using the thermodynamic relation we obtain the free energy. For the analysis of the HP phase transition, we take the thermal AdS with M = 0 for k = 1 and with M = M crit for k = −1 as the reference background geometry and analyze those in detail. We also numerically compute the temperature and the specific heat of the asymptotically AdS black holes. In the final section, we summarize our results and discuss possible future applications.
ASYMPTOTICALLY BLACK HOLD SOLUTION WITH HIGHER-ORDER CURVATURE TERMS
We numerically construct the asymptotically AdS black hole solution in DEGB theory. The numerical solutions and properties of those black holes are presented.
The model
We consider the action
where g = det g µν , κ ≡ 8πG , and R denotes the scalar curvature of the spacetime M . The negative cosmological constant (Λ > 0 in the present paper) is considered for the AdS geometry. The higher curvature GB term is given by
The scalar field Φ is coupled with the GB term by the GB coupling αe −γΦ . The parameters α , γ , and λ are constants. The second term on the right-hand side is the boundary term [46, 5] , in which h is the determinant of the first fundamental form, and K is the trace of the second fundamental form of the boundary ∂M for the metric g µν . The third term is the boundary term for the GB term [47, 48, 49] . The last term I ct is the counterterm to renormalize the Euclidean action for the AdS geometry [41] . We adopt the sign convention in Ref. [50] . In this section, we follow the procedure to be consistent with our action according to Refs. [38, 39] .
For the couplings γ = 0 and λ = 0, the DEGB theory is reduced to the EGB theory. For the coupling Λ = 0, the theory is reduced to the system in asymptotically flat spacetime [31] . For the coupling α = 0 and λ = 0, the solution goes to a Schwarzschild anti-de Sitter black hole in Einstein theory. We choose the positive γ values, in which the action (1) has a symmetry under γ → −γ and Φ → −Φ. In this paper we keep α explicitly, because the different values of α will influence directly the black hole thermodynamics and the HP phase transition.
From the variation of the action (1), we obtain
where the GB term contributes to the energy-momentum tensor
and ≡ ∇ µ ∇ µ is the d'Alembertian.
We consider the metric ansatz
where h ij dx i dx j represents the line element of two-dimensional surfaces of constant positive, zero, or negative curvature 2k according to whether k = +1, 0, or −1, respectively. When γ, λ and Φ vanish, the metric function δ(r) vanishes and B(r) reduces to k − The field equation turns out to be
where the prime denotes the differentiation with respect to r. And there are three Einstein equations after some rearrangement as follows:
In this paper, we choose Eqs. (7), (8) and (9) as the equations of motion for our numerical computations. We impose the boundary condition at the event horizon to guarantee the existence of a black hole. The event horizon is the hypersurface for g rr (r h ) = 0 or g rr (r h ) = ∞. At the horizon, the metric function B(r h ) = 0, the lapse function δ(r h ) is finite, and the scalar field Φ(r h ) is finite. From Eq. (7) we obtain the value of B ′ (r) at the horizon as follows:
By plugging Eq. (10) into (9), we obtain a quadratic equation with respect to Φ ′ (r h ), which is related to Φ(r h ) as follows:
where
, and only one of two solutions provides a stable asymptotic black hole solution. We choose the − sign in Eq. (11) . The term inside the square root of Φ ′ (r h ) should be positive; therefore, only some values in certain regions of Φ h and r h can make Φ ′ (r h ) real. The values for k = ±1 have both allowed and forbidden regions which suggest that there are lower or upper bounds of the black hole size. If Λ vanishes, it reduces to
This one corresponds to Φ ′ (r h ) with k shown in Ref. [31] . The near-horizon effects in f (R) theories were studied in Ref. [51] .
We now impose appropriate boundary conditions for the behavior at the asymptotic region. We expect the metric function and the field to be
where M is the black hole mass, Q the scalar charge, and δ ∞ and Φ ∞ the asymptotic values of the lapse function and the scalar field, respectively, which will be used to rescale the lapse function, the scalar field, the radial coordinate, and the cosmological constant. The powers β and σ for r are equal to 3 as shown in Refs. [38, 39] . The mass of a hairy black hole is composed of the contributions both from the mass surrounded by the event horizon and from the existence of a scalar hair.
Numerical solutions
We now consider the symmetry and rescaling of some quantities. The scalar field is set tõ Φ = 0 in the asymptotic region, in which the value of Φ ∞ is determined by the values of α, γ, λ, and Λ [38, 39] . The lapse function is also set toδ = 0 in the asymptotic region, and then the geometry goes to an asymptotic AdS spacetime. Under these conditions, Φ is redefied We obtain the black hole solutions by solving Eqs. (7), (8) , and (9), generally. We take κ = 1 for convenience. We first fix the couplings α, γ, and λ. The values of Φ ∞ and Λ are determined through Φ ∞ (λ −γ) = ln 3λ 4αγΛ
as shown in Refs. [38, 39] . After fixing all couplings and Λ, we obtain the evolution of the tilde variables. From now on we use rescaled variables without a tilde. We first choose the initial value of r h . The values of Φ h are determined by requiring the term inside the square root to be positive. We divide numerical solutions into two types according to k = ±1. 
+
Λe λΦ(r) 3 r 2 , according to Ref. [39] . The mass function decreases to the minimum value and increases up to some constant as the distance from the horizon increases in such a way that the ratio between the mass function and the asymptotic mass asymptotically approaches to 1. The decreasing behavior for the mass ratios near the horizon r h shows that the contribution by the dilaton hair is negative, while the increasing behavior over the some r shows that the contribution becomes positive. Figure 2 shows the numerical solutions for k = −1. We take the same parameter values used for Fig. 1 . We choose four solutions with the initial r h as 1.83, 2.60, 5.00, and 10.00, respectively. The solutions of the metric function are shown in Fig. 2(a) . This figure shows that the metric functions If the black hole is small the contribution from the hair is positive, while if the black hole becomes larger the contribution from the hair is negative to start with and is altered to be positive. The mass ratio is asymptotically approached to 1. If the radius is at r * h = 2.45 the mass ratio is exactly 1 because of the null contribution by the hair, Φ(r * h ) = 0.
Hyperbolic solutions with
k = −1
PHASE TRANSITION
We investigate black hole thermodynamic properties and the HP phase transition in (D)EGB theories. The study of black hole thermodynamics becomes an interesting subject after discovering the natural temperature and the intrinsic entropy of a black hole, in which the temperature is proportional to black hole's surface gravity and the entropy to one quarter of the area of its event horizon in Planck units. We explore how black hole thermodynamic properties and the phase transition can be affected by the higher-order curvature terms. The Euclidean path integral approach is one of the important tools to explore in this arena.
Thermodynamic properties of AdS black holes
We employ the partition function defined by a functional integral over all metrics and matter fields on the background [12] 
is the Euclidean action of gravitational fields and matter fields. In the semiclassical approximation, the dominant contribution to the path integral comes from classical solutions to the equations of motion. It can be evaluated by ln Z = −I E . In the canonical ensemble, the Helmholz free energy of black holes takes the form F = M − T H S, in which the common redshift factor on both sides is eliminated and T H is the temperature corresponding to the inverse periodicity T H = β . The entropy is also derived from the relation S = Mβ H − I E . The temperature T measured at spatial infinity is equal to the product of T H and the redshift factor, and the thermodynamic internal energy E to the product of M and the redshift factor. Thus, E/T = M/T H . The conversed mass M reduces to the mass of a black hole at spatial infinity. The specific heat determines the local stability of the thermodynamic system, which can be defined by C = ∂M ∂T H [52] . The entropy formula should be modified to have the contribution from the GB term. From the first law of black hole thermodynamics, the entropy can have a constant term after the integration. The quantity can be nonzero and be determined in EGB theory. When the analytic form of the solution is known, we can obtain straightforwardly all thermodynamic quantities analytically after evaluating the Euclidean action. In EGB theory, we evaluate all thermodynamic quantities analytically. In DEGB theory, we make use of numerical computation.
We begin by computing the temperature of a black hole. To avoid the conical singularity, we should impose the periodicity in the Euclidean black hole metric
If δ(r), λ, and γ vanish as both in Einstein and in EGB theory, the temperature takes the form
r h ). We analyze the temperatures depending on the sign of k in both theories. For k = 1, we consider only the positive mass, because there is a naked singularity for the negative mass black hole. Then the temperature is always positive with the minimum value of √ Λ/2π at r h = 1/ √ Λ. For k = −1, there are two types of masses without the naked singularity. One is a positive mass and the other is a negative mass. For the positive mass black hole, the temperature is also positive. However, there is the limitation for the horizon radius, r h > 3/Λ. For the negative mass black hole, there exist two horizons. When 1/Λ = 9G 2 M 2 , two horizons coincide at r crit = 1/ √ Λ and the temperature vanishes. This one corresponds to the extremal black hole with the zero temperature. However, there is the limitation for the horizon radius, r h < 3/Λ. To treat both cases simultaneously, we take the form
. The mass for the extremal black hole is given by 53, 54, 55, 56] . Figure 3 shows the temperature in DEGB theory. We take γ = 1/2, Λ = 1/2, and κ = 1. The end point in each line indicates the minimum mass of a black hole with given parameter values. The dashed line corresponds to the case both in Einstein and in EGB theory. The blue line corresponds to α = 0.005 and λ = 1/600, the red line to α = 0.400 and λ = 2/15, the green line to α = 0.800 and λ = 4/15, and the black line to α = 1.000 and λ = 1/3. Figure  3(a) shows the temperature as a function of the horizon radius r h for k = 1. The minimum temperature, the minimum radius, and the low bound of the black hole mass increases as the value of α increases. The end points are r h = 0.26 for the blue line, r h = 1.84 for the red line, r h = 3.12 for the green line, and r h = 3.43 for the black line, respectively. Figure 3(b) shows the temperature as a function of the horizon radius r h for k = −1. The end points are r h = 1.44 for the blue line, r h = 1.65 for the red line, r h = 2.00 for the green line, and r h = 2.14 for the black line, respectively. The upper left inset in the figure shows the magnification of a small region to distinguish the overlapped lines. The regions are divided into two parts. The first part belongs to the negative mass black hole and the second part to the positive mass black hole. We cut off the part with the negative temperature. The zero temperature corresponds to the extremal case. The specific heat can be obtained by using the relation C =
∂M ∂T H
, in which M is the mass of a black hole. If δ(r), λ, and γ vanishes, the specific heat takes the form
. The specific heat determines the local stability of a thermodynamic system. The behavior of the change from the negative to positive specific heat describes the existence of local stability depending on the size of a black hole as well as justifies employing the canonical ensemble description. Figure 4 shows the specific heat in DEGB theory. We take the same parameters used for Fig. 3 . The dotted line corresponds to the reference line, which is obtained for the specific heat both in Einstein and in EGB theory. Figure 4(a) shows the specific heat as a function of the horizon radius r h for k = 1. Figure 4(b) shows the specific heat as a function of the horizon radius r h for k = −1. The upper left inset in the figure shows the magnification of a small region to distinguish the overlapped lines. We cut off the data corresponding to the negative temperature.
We now consider the Euclidean action. We can evaluate analytically the Euclidean action only both in Einstein theory and EGB theory, because we do not know the analytic solution in DEGB theory. The total Euclidean action can be divided into the following:
We first review a black hole in AdS space in Einstein gravity. For the action of a black hole in AdS space, the first two terms give
), in which the cutoff r co is going to ∞, x is equal to 2 for k = 1, and (cosh ψ co − 1) for k = −1.
(cosh ψ co − 1) denotes the integrated quantity for ψ from 0 to ∞. In this paper we take x = 2 as well as the case for k = −1. We used √ g τ τ ≃ ). Then the total action for a black hole in AdS space gives the finite terms
We make use of the thermodynamic relation between the entropy and the Euclidean action
total). Then the entropy of a black hole in AdS space is given by S
, in which A is equal to 4πr 2 h for k = 1 and 2π(cosh ψ co − 1)r 2 h for k = −1. We consider the black hole in AdS space in EGB theory. The action of the GB term is evaluated to be . We now consider the boundary term, I E (GBb), shown in [47, 49] . This boundary term turns out to be zero for the black hole in the asymptotically flat spacetime. However, the boundary term has nonzero contributions to cancel out the terms with Λ in Eq. (17) for the black hole in the asymptotically AdS spacetime. For our case it takes the form,
The total action for a black hole in EGB theory is
where the superscript "BEGB" means the black hole solution in EGB theory. The third term in the right-hand side is a constant term depending on the sign and magnitude of α, which provides the information on the topology of that spacetime manifold. The entropy is given by for k = −1. This entropy formula with a correction has the same form obtained by the different method as shown in Refs. [3, 11] . Figure 5 shows the entropy in EGB theory. We take Λ = 1/2 and κ = 1. The black dashed line corresponds to α = 0.000 representing the entropy in Einstein theory. The orange line corresponds to α = 0.040, the cyan line to α = 0.083, the red line to α = 0.400, and the magenta line to α = −0.021 with the positive entropy above r h > √ 0.168. Figure 5(a) shows the entropy as a function of the horizon radius r h for k = 1. We cut off the part with the negative entropy. The entropy increases as the value of α increases. Figure 5(b) shows the entropy as a function of the horizon radius r h for k = −1. The region is divided into two parts, the positive mass and the negative mass. The entropy decreases as the value of α increases.
We now consider the black hole in AdS space in DEGB theory. The entropy is obtained by numerical computation, because we cannot evaluate the Euclidean action and the counterterm analytically. We adopt the entropy formula for the black hole in DGB theory [36] , which is given by
For the positiveness of the entropy, the value of α is restricted to α > − Figure 6 shows the entropy in DEGB theory. We feed the numerical data into the formula. We take γ = 1/2 and Λ = 1/2. The dashed line corresponds to the case in Einstein theory. The blue line corresponds to the case with α = 0.005 and λ = 1/600, the red line to the case with α = 0.400 and λ = 2/15, the green line to the case with α = 0.800 and λ = 4/15, the black line to the case with α = 1.000 and λ = 1/3, and the purple line to the case with α = 2 and λ = 2/3. Figure 6(a) shows the entropy as a function of the horizon radius r h for k = 1. 
Hawking-Page phase transition
We consider the Hawking-Page phase transition between a black hole in AdS space with M = 0 and the thermal AdS space with M = 0 for k = 1, and with M = M crit for k = −1 [57, 54, 58] as a first-order phase transition [12] .
To obtain the free energy difference we use the thermodynamic relation. First, we consider the transition in Einstein gravity. The total Euclidean action is given by I BE E (total) = x(
). For the action of the thermal AdS space, the first two terms give
where the superscript "TE" means the thermal AdS in Einstein gravity. We take the reference background geometry as the AdS black hole geometry with the critical mass for k = −1, in which the spacetime region is restricted to r ≥ r crit (= 1/Λ). Because the AdS geometry is not associated with its natural temperature for k = 1 and the geometry with the critical mass has the vanishing temperature for k = −1, one can introduce any temperature for the reference background geometry by suitably choosing the period of Euclidean time. The periodicity β o is satisfied with the condition,
r 2 . And the total action with the counterterm is given by
β o M crit . In other words, one introduce the counterterm to give the vanishing action for k = 1 and the constant value for k = −1.
We mention about the reference background geometry in Einstein theory. For k = 1, the action, the entropy, the mass, and the free energy are all equal to zero. For k = −1, the entropy is equal to zero, which can be easily calculated by S = β o M − I β o M crit = 0 [54] . In this paper we take the original action.
The difference of two actions given in Ref. [12] with k is as follows:
The free energy difference between a black hole in AdS and the thermal AdS is given by
Now we consider the transition in EGB theory. For the thermal AdS, the action of the GB term is
and the boundary term for the GB term gives
where we take r co → ∞. This gives I TEGB E (total) to be zero for k = 1 and the constant value for k = −1. However, the additional contribution of the free energy goes to zero, because of r crit = 1 √ Λ for the extremal black hole. Therefore, the free energy turns out to be
We mention about the reference background geometry in EGB theory. For k = 1, the reference geometry does not have the horizon. As a result, the action, mass, entropy, and the free energy are all equal to zero. For k = −1, the entropy has a constant term due to the nonzero action with the constant term. However, the free energy does not have that contribution. As a result, there is no dependency of α for the reference background geometry. Figure 7 shows the behavior of the free energy difference between the black hole and the thermal AdS with k = 1 and k = −1 both in Einstein and in EGB theory. We choose the same Figure 7(a) shows the behavior of the free energy difference as a function of the horizon radius r h for the positive mass case. The black dashed line with α = 0.000 has two regions, positive and negative parts. This one at F = 0 indicates just the HP phase transition. If the value of α is increased for 0 < α <
, then there exist three regions. The particular point is that there are stable small black holes belonging to the negative difference region, r h < b in the orange line, unlike those in Einstein theory. The black holes belonging to the positive difference region, b < r h < d, are unstable like those in Einstein theory. The phase transition occurs at r h = b and r h = d in the orange line. When α increases, the line moves downward. If the value of α is larger than 1 24κΛ the black holes are always stable more than the the thermal AdS space, which means that there is no phase transition. . The black line corresponds to the case of α = 0.000 in Einstein theory, in which there is no HP phase transition. When α increases, the line moves upward. If the value of α is greater than
, then the free energy difference has both the positive and the negative value to guarantee the phase transition. The red line showing the existence of the phase transition corresponds to the case with α = 0.400. The HP phase transition occurs from the thermal AdS space (or the extremal black hole) to the black hole. Figure 8 shows the behavior of the free energy difference in DEGB theory. We employ the reference background geometry as those used for EGB theory. We use the thermodynamic relation F = M − T H S and feed numerical data into the relation. We choose the same parameters used for Fig. 6 . And again, we take Λ = 1/2 and γ = 1/2 for four lines with k = 1 and for five lines with k = −1. The dashed black line corresponds to α = 0.000 and λ = 0 in Einstein theory, the blue line to α = 0.005 and λ = 1/600, the red line to α = 0.400 and λ = 2/15, the green line to α = 0.800 and λ = 4/15, the black line to α = 1.000 and λ = 1/3, and the purple line to α = 2.000 and λ = 2/3. Figure 8(a) shows the behavior of the free energy difference as a function of the horizon radius r h . The blue line shows the HP phase transition occurs from the thermal AdS to the black hole geometry. When α increases, the line moves downward under the horizontal line of F = 0. Consequentially, there is no phase transition. Figure 8(b) shows the behavior of the difference as a function of the temperature T H . For k = −1, the line moves upward over the horizontal line of F = 0 when α increases. The black and purple lines have both the positive and the negative free energy difference to guarantee the phase transition.
SUMMARY AND DISCUSSION
We have studied the black hole thermodynamics and Hawking-Page phase transition in asymptotically AdS spacetime in the (dilatonic) Einstein-Gauss-Bonnet theory of gravitation. We considered both the spherical for k = 1 and the hyperbolic black holes for k = −1.
First, we have constructed the hairy black holes by solving the coupled equations of motion for the gravity and the scalar field simultaneously. We have followed the procedure to be consistent with our action according to Refs. [38, 39] . If the black hole horizon becomes larger, the magnitude of the scalar hair becomes smaller. There exists the minimum mass of a black hole under the given parameter sets.
Second, we have calculated the temperature and the specific heat for the AdS black hole solutions. If the value of α becomes larger, the minimum mass of the black hole becomes larger. For k = 1, if the value of α becomes positively larger, there exist the black hole only belonging to the increasing part of the temperature, which corresponds to the positive specific heat unlike the AdS black hole both in Einstein theory and in the EGB theory. For k = −1, the black holes belong to the increasing part of the temperature, which corresponds to the positive specific heat similarly to the AdS black hole in the theory with the vanishing scalar field. When the specific heat has the positive value, one can employ the canonical ensemble description.
We have divided the calculations into two aspects for the rest of the investigation, either EGB theory with analytical calculations or DEGB theory with numerical computations. Third, we have calculated straightforwardly the Euclidean action of a black hole in AdS spacetime in EGB theory. We calculated the entropy using the thermodynamic relation. There is the additional constant term depending on the values of α and k in the entropy formula. That is why we did not consider the black holes with k = 0. From the positiveness of the entropy, the values are restricted by the signs of both α and k. We have adopted the known entropy formula for the DEGB theory and fed the numerical data into the formula.
Last, we have calculated the free energy difference to analyze the HP phase transition in (D)EGB theories. We calculated the free energy using the Euclidean action in EGB theory and using the thermodynamic relation in DEGB theory. For k = 1, we take the reference background geometry as the thermal AdS space with M = 0, in which the Euclidean action for this space vanishes. Therefore, the pure quantity of the black hole free energy becomes important. We have obtained the qualitatively different behavior of the free energy difference depending on the parameters. The free energy difference decreases as the value of α positively increases. In other words, the phase transition occurs from the thermal AdS space to the small black hole unlike that in Einstein theory. Hence, there exist globally stable small black holes if the value of α increases. Consequently, black holes are definitively divided into four types in terms of the radius of a black hole. The new one belongs to locally unstable and globally stable phase. Because of the local instability by the negative specific heat, the black hole evaporates. If α > 1 24κΛ
, all black holes belong to globally stable phase. Therefore, there is no phase transition unlike that in Einstein theory. For k = −1, we take the reference background geometry as the thermal AdS space with M = M crit , in which the geometry with M crit corresponds to the extremal black hole with the negative mass. If the value of α increases, the HP phase transition occurs in (D)EGB theory unlike that in Einstein theory.
We now discuss the reference background geometry as the qualitatively different one. The extremal charged black hole solution has the vanishing entropy. Because the extremal black hole can be in thermodynamic equilibrium with the thermal radiation at any temperature, one can introduce an arbitrary temperature in this geometry [59, 60] . For k = 1, the thermal AdS spacetime with M = 0 corresponds to the reference geometry without a black hole. This geometry has the vanishing action, mass, entropy, and free energy both for Einstein and for EGB theory. For k = −1, the thermal AdS with M = M crit corresponds to the reference geometry with the extremal hyperbolic black hole. This geometry has the vanishing entropy. Therefore, we have taken the extremal black hole geometry as the reference one and introduced the arbitrary temperature in Einstein theory. The entropy has a constant term due to the nonzero action with the constant term in EGB theory. However, the free energy does not have the contribution. We emphasize that we have calculated the Euclidean action, entropy, and free energy of the reference background geometry both in Einstein theory and in EGB theory. They do not correspond to the simple limiting cases of the nonzero mass black hole and nonextremal black hole geometry. There exist discontinuous jumps in those physical quantities depending on the GB term. For the DEGB theory, we have employed the reference geometry as those used for EGB theory. If one could find the soliton solution with the dilaton hair in the asymptotically AdS spacetime in DEGB theory, the geometry of the soliton solution could be the reference geometry. We expect that the resulting free energy difference is not qualitatively different from those in our analysis, because the free energy for that reference geometry is not expected to be significantly changed.
We note that the relation, F = M − T H S, in this paper was used for the free energy, in which the common redshift factor in both sides were eliminated. The conversed mass M is the thermodynamic internal energy E divided by the redshift factor, which reduces to the mass of the black hole at spatial infinity [52] . According to the above relation, the total amount of energy E is composed of two energies, the free energy and the product of the entropy and the temperature. The free energy can be transformed into work, i.e. this energy is useful, while the other energy given by the product cannot be transformed into work, i.e. this energy is useless. If the entropy at the fixed temperature is increased by the GB term, the free energy is decreased by the same quantity at the fixed total energy, and vice versa. Hence the GB term seems to increase or decrease the useful energy depending on the signs of α and k with the fixed total energy.
We note that the thermodynamic instabilities are divided into two broad categories, either global instability determined by the sign of the free energy difference in the grand canonical ensemble or local instability determined by the sign of the specific heat (or heat capacity) in the canonical ensemble [21, 61, 17] . There is no electromagnetic charge in our system. Therefore, the grand canonical ensemble reduces to the canonical ensemble. The local stability of the thermodynamic system means that small perturbations do not remove the system from its equilibrium [62] similarly to the particle in the potential well. While, the global stability of the system means that the system is in the stable phase similarly to the lowest vacuum state in the asymmetric double well potential, in which the HP phase transition occurs between two phases at the same temperature or the zero free energy difference [63] .
In this paper we have shown that the GB term influences the entropy and the free energy without modifying the temperature and the specific heat, while the GB term with the dilaton coupling influences all physical quantities. In other words, the GB term affects the phase transition without modifying the local thermodynamic instability, while if the GB term is coupled to the scalar field both global and local instabilities are affected.
In four dimensions, the existence of the GB term does not influence both the equations of motion and the solutions. The observer cannot distinguish the difference between the Einstein theory and EGB theory. However, the observer can distinguish the differences of thermodynamic properties and phase transition between two theories. For this reason, the observation of the HP phase transition can determine which theory of gravitation describes our Universe. In other words, we think that the topological information of the spacetime manifold could be additionally stored in the thermodynamic quantities for a black hole.
The HP phase transition is the first-order phase transition, because the transition has a discontinuous jump in the first-order derivatives of the free energy difference. In this paper, we have considered the thermal AdS spacetime, the AdS black hole without hair, and the black hole with hair. We have obtained the free energy showing the phase transition between the thermal AdS and the AdS black hole geometry. It will be interesting to investigate whether the phase transition occurs between the black hole (with/without hair) and the other black hole (with/without hair) corresponding to the reference geometry, and is the first-order or the second-order phase transition. It will be also interesting to investigate whether or not the negative mode exists. The black hole solutions in AdS spacetime could be important for holographic applications of strongly coupled field theories. Recently, there have been a wide variety of developments for holographic superconductors, critical behaviors, and hyperscaling violation [64, 65, 66, 67, 68, 69] . In this paper, we have restricted our study to asymptotically Schwarzschild-AdS solutions. However, solutions with different asymptotic, for instance, hyperscaling violation in modified spacetime, could be investigated. These kinds of geometries could draw interest for both phase transition phenomena and holography applications, which have been considered extensively in Refs. [66, 67] and references therein. The DEGB theory could bring a possibility of such phase transition phenomena as well as holography application. We postpone any possible application of such phase transitions and holographic applications including the meaning of the order in the phase transition for our future work.
